We study the hadronic D meson decays into a pseudoscalar meson P and an even-parity meson M , where M represents a scalar meson S, an axial-vector meson A, or a tensor meson T . These decays are first analyzed in the flavor-diagram approach. Fits to the SP modes with S being a non-strange scalar meson show that neither the simple qq picture nor the q 2q2 scheme is favored by data. Current measurements on the AP decays are insufficient for a meaningful analysis. Some T P data are inconsistent with the others. In certain cases, the W -annihilation diagrams indicated by the data are unexpectedly large. As a comparison, we also compute their decay rates in the factorization approach using form factors extracted from the covariant light-front model. We find that factorization works well for Cabibbo-allowed D + → SP, AP decays free of the weak annihilation contributions (W -exchange or W -annihilation). For the other SP and AP modes, it is necessary to include weak annihilation contributions to account for the data. However, factoriztion fails for D → T P decays for some unknown reason; the predicted rates are in general too small by at least two orders of magnitude compared to experiment. We also examine the finite width effects of resonances. Some decay modes which are kinematically forbidden become physically allowed due to the finite width of the resonance. We show that the branching fraction of D + → σπ + extracted from three-body decays is enhanced by a factor of 2, whereas B(D 0 → f 2 (1270)K 0 ) is reduced by a factor of 4 by finite width effects.
I. INTRODUCTION
A plethora of interesting but puzzling phenomena regarding strong interactions have been revealed in the study of charmed meson decays. The magnitudes and phases of CKM factors associated with the dominant decay amplitudes in such processes are well-determined. Moreover, these decays do not receive significant corrections from penguin-type loop diagrams. Such salient features enable one to readily extract the magnitudes and relative strong phases of various flavor diagrams. More specifically, there are four types of flavor digrams that dominate the charmed meson decays. They are the color-allowed tree amplitude, the color-suppressed tree amplitude, the W -exchange diagram, and the W -annihilation diagram. Previous studies [1] [2] [3] [4] [5] [6] [7] [8] have shown the importance of the W -exchange and W -annihilation diagrams, presumably due to significant final-state rescattering effects, in the two-body decays of charmed mesons to two pseudoscalar (P P ) or one vector and one pseudoscalar mesons (V P ). Moreover, these amplitudes are seen to have nontrivial relative strong phases, also a result of sizable final-state interactions (FSIs). Among various sources of FSIs, the most important one is arguably the contribution from intermediate resonance states near the D meson masses.
In this paper, we set to study the hardonic decays of charmed mesons into a pseudoscalar meson P and an even-parity meson M . Here M can be a scalar meson, denoted by S, an axial-vector meson, denoted by A, or a tensor meson, denoted by T . The D → SP decays have been studied previously in Refs. [9] [10] [11] [12] [13] [14] [15] ; the D → AP decays in Refs. [16] [17] [18] [19] [20] [21] [22] [23] [24] ; and the D → T P decays in Refs. [25] [26] [27] . In these decays, the flavor diagram of each topology has two possibilities: one with the spectator quark in the charmed meson going to the pseudoscalar meson in the final state; and the other with the spectator quark ending up in the even-parity meson M . We thus need two copies of each topological diagram to describe the decay processes. Many of these decays have been observed in recent years through dedicated experiments and powerful Dalitz plot analysis of multi-body decays. An extraction of the sizes and relative strong phases of these amplitudes therefore becomes possible.
One purpose of studying these decays is to check our understanding in the structures and properties of light even-parity mesons. Another goal is to learn the FSI pattern in view of the rich resonance spectrum around the D meson mass range. This paper is organized as follows. In Section II, we review current experimental status of the measurements of multi-body charmed meson decays that are relevant to our analysis. We provide the information of flavor SU(3) classification, decay constants, and form factors for the light S, A, and T mesons in Section III. Section IV presents the so-called flavor-diagram approach to the decays. Each decay mode is decomposed in terms of quark diagrams characterized by their flavor topologies. Current experimental data are used to infer the magnitude and strong phase associated with each of the amplitudes as best as we can. Under the factorization assumption, we compute the rate of each decay mode in Section V. We also examine the finite width effects for certain decay modes in Section VI. Some discussions on the form factor model used in this work, theoretical uncertainties, comparison with other approaches are presented in Section VII. A summary of our findings is given in Section VIII.
II. EXPERIMENTAL STATUS
It is known that three-and four-body decays of heavy mesons provide a rich laboratory for studying the intermediate state resonances. The Dalitz plot analysis is a very useful technique for this purpose. We are interested in D → M P decays extracted from the three-body decays of charmed mesons. Many results are available from ARGUS, Femilab, CLEO, FOCUS and BaBar. The results of various experiments are summarized in Tables I-III where the products of B(D → M P ) and B(M → P 1 P 2 ) are listed. To extract the branching fraction for D → M P , we apply the narrow width approximation Γ(D → M P → P 1 P 2 P ) = Γ(D → M P )B(M → P 1 P 2 ) .
(
(Finite width effects in certain decays will be discussed in Section VI.) For the branching fractions of two-body decays of even-parity mesons, we shall use 
and B(f 0 (1500) → π + π − ) = [28] and the Particle Data Group (PDG) average, Γ(a 0 (980) → KK)/Γ(a 0 (980) → πη) = 0.183 ± 0.024 [29] . To obtain the branching fraction of f 0 (980) → ππ, we have assumed that ππ and KK are the dominant decay modes of f 0 (980).
Several remarks are in order:
1. There are two measurements of D + s → f 0 (980)π + from D + s → π + π + π − by E687 [30] and E791 [31] with the results 
B(D
These two data are not used by PDG for the average. The most recent Dalitz plot analysis of D + s → π + π + π − by BaBar yields B(D + s → (π + π − ) S−wave π + ) = (0.92 ± 0.07) × 10 −2 [32] . Since the S-wave is the sum over f 0 (980), f 0 (1370) and f 0 (1500), it is clear that the E687 result is too large. Hence, we will only quote the E791 result in Table I for D + s → f 0 (980)π + with f 0 (980) → π + π − . For an early theoretical study, see [33] . Table I involve the decays f 0 (980) → K + K − and a 0 (980) → K + K − . Since the central values of the f 0 (980) and a 0 (980) masses are below the threshold for decay into a pair of charged kaons, the narrow width approximation Eq. (1) is no longer applicable because f 0 or a 0 need to be off-shell. That is, the relation
Many of the 3-body decays listed in
does not hold. From Table I , we see that B(D 0 → f 0 π 0 ; f 0 → π + π − ) is smaller than B(D 0 → f 0 π 0 ; f 0 → K + K − ) by one order of magnitude. Since B(f 0 → K + K − ) is smaller than B(f 0 → π + π − ) due to phase space suppression 1 , the branching fraction B(f 0 (980) → K + K − ) obtained from B(D 0 → f 0 π 0 ; f 0 → K + K − ) under the narrow width approximation will be too large by at least one order of magnitude.
3. The decay D + → K − π + π + is dominated by the S-wave (K − π + ) component which consists of K * 0 (800) (or κ), K * 0 (1430) and non-resonant contributions. The PDG value is B(D + → (K − π + ) S−wave π + ) = (7.62 ± 0.25)% [29] . However, PDG does not take the measurements of D + →K * 0 0 (800)π + andK * 0 0 (1430)π + by E791, E691 and E687 for the average. If we take the E791 results alone [31] , we find
Hence, the decay D + →K * 0 0 (800)π + has the largest branching fraction among the two-body D → SP decays.
4. Since the axial-vector mesons decay into three pseudoscalar mesons via strong interactions, their resonant substructures are studied in the Dalitz plot analysis of four-body decays. For example, information on the decay rates of
5. Because the σ meson is very broad in its width, of O(600 − 1000) MeV [29] , the use of the narrow width approximation is not justified and it becomes necessary to take into account the finite width effect of σ. We will examine the finite width effect for the decay D → σπ in Section VI.
III. PHYSICAL PROPERTIES OF EVEN-PARITY MESONS

A. Scalar mesons
It is known that the underlying structure of scalar mesons is not well established theoretically (for a review, see e.g. Refs. [37, 38] ). Many scalar mesons with masses lower than 2 GeV have been observed, and they can be classified into two nonets: one nonet with masses below or close to 1 GeV, namely, the isoscalars f 0 (600) (or σ), f 0 (980), the isodoublet K * 0 (800) (or κ) and the isovector a 0 (980); and the other nonet with masses above 1 GeV, namely, f 0 (1370), a 0 (1450), K * 0 (1430) and f 0 (1500)/f 0 (1710) 2 . If the scalar meson states below or near 1 GeV are identified as a conventional low-lying 0 +nonet, then the nonet states above 1 GeV could be excitedstates.
In the naive quark model, the flavor wave functions of the light scalars read
was measured to be 0.69 ± 0.32 by BaBar [28] and 0.25
by BES [34] . 2 Since not all three isosinglet scalars f 0 (1710), f 0 (1500), f 0 (1370) can be accommodated in thenonet picture, it is widely believed that one of them should be primarily a scalar glueball. 
a From BaBar [35] . b From BaBar [32] . c From E791 [31] . d From CLEO [36] .
where the ideal mixing for f 0 and σ is assumed as f 0 (980) is the heaviest one and σ the lightest one in the light scalar nonet. However, this simple picture encounters several serious problems: (i) It is impossible to understand the mass degeneracy betweem f 0 (980) and a 0 (980). A related 
a From BaBar [32] .
question is why a 0 is heavier than κ if it does not contain a strange quark? This is the so-called "inverted spectrum problem." (ii) The P -wave 0 + meson has a unit of orbital angular momentum which costs energy around 500 MeV. Hence, it should have a higher mass above rather than below 1 GeV. (iii) It is hard to explain why σ and κ are much broader than f 0 (980) and a 0 (980). (iv)
The γγ widths of a 0 (980) and f 0 (980) are much smaller than naively expected for astate [39] .
(v) The radiative decay φ → a 0 (980)γ, which cannot proceed if a 0 (980) is a purestate, can be nicely described in the kaon loop mechanism [40] . This suggests a considerable admixture of the KK component. It turns out that these difficulties can be readily resolved in the tetraquark scenario where the four-quark flavor wave functions of light scalar mesons are symbolically given by [41] 
The four quarks q 2q2 can form an S-wave (not P -wave!) 0 + meson without introducing a unit of orbital angular momentum. Moreover, color and spin dependent interactions favor a flavor nonet configuration with attraction between theandqq pairs. Therefore, the 0 + q 2q2 nonet has a mass near or below 1 GeV. This four-quark description explains naturally the inverted mass spectrum of the light nonet, especially the mass degeneracy of f 0 (980) and a 0 (980). The fall-apart strong decays σ → ππ, κ → Kπ and f 0 , a 0 → KK are OZI super-allowed without the need of any gluon exchange. This explains the broad widths of σ and κ, while f 0 (980) and a 0 (980) are narrow because of the suppressed phase space for their decays to the kaon pairs. The decays of f 0 (980) and a 0 (980) are dominated by f 0 (980) → ππ and a 0 (980) → ηπ, respectively. Lattice calculations have confirmed that a 0 (1450) and K * 0 (1430) aremesons, and suggested that σ and κ are tetraquark mesonia [42, 43] . Since exotic 4-quark states have not been seen experimentally, this may imply the structure of diquark-antidiquark bound states for the light scalar mesons (for a review, see Ref. [44] ).
In the 2-quark picture with ideal mixing, f 0 (980) is purely an ss state. This is supported by the data of D + s → f 0 π + and φ → f 0 γ, implying the copious f 0 (980) production via its ss component. However, there also exists some experimental evidence indicating that f 0 (980) is not a pure ss state. First, the observation of [29] clearly shows the existence of the non-strange and strange quark contents in f 0 (980). Second, the facts that f 0 (980) and a 0 (980) have similar widths and that the f 0 width is dominated by ππ also suggest the composition of uū and dd pairs in f 0 (980); that is, f 0 (980) → ππ should not be OZI suppressed relative to a 0 (980) → πη. Therefore, isoscalars σ(600) and f 0 (980) should have a mixing |f 0 (980) = |ss cos θ + |nn sin θ , |σ(600) = −|ss sin θ + |nn cos θ ,
with nn ≡ (ūu +dd)/ √ 2. Experimental implications for the f 0 -σ mixing angle have been discussed in detail in Ref. [13] : the mixing angle lies in the ranges of 25 • < θ < 40 • and 140
Likewise, in the four-quark scenario for light scalar mesons, one can also define a similar f 0 -σ mixing angle |f 0 (980) = |nnss cos φ + |uūdd sin φ , |σ(600) = −|nnss sin φ + |uūdd cos φ .
It has been shown that φ = 174.6 • [47] . 3 Recently CLEO has measured the semileptonic decay D In principle, the 2-quark and 4-quark descriptions of the light scalars can be discriminated in the semileptonic charm decays. For example, the ratio
is equal to 1 in the 2-quark scenario and 3 in the 4-quark model under the flavor SU(3) symmetry [48] . In reality, the light scalar mesons may have both 2-quark and 4-quark components. Indeed, a real hadron in the QCD language should be described by a set of Fock states each of which has the same quantum number as the hadron. For example,
In the tetraquark model, ψ
, while it is the other way around in the 2-quark model. The decay constant of the scalar meson is defined as 4
The neutral scalar mesons σ, f 0 and a 0 0 cannot be produced via the vector current owing to charge conjugation invariance or conservation of vector current:
Applying the equation of motion to Eq. (12) yields
where m 2 and m 1 are the running current quark masses. Therefore, the vector decay constant of the scalar meson f S vanishes in the SU(3) or isospin limit. The vector decay constants of K * 0 (1430) and the charged a 0 (980) are non-vanishing, but they are suppressed due to the small mass difference between the constituent s and u quarks and between d and u quarks, respectively. The scalar decay constantsf S have been computed in Ref. [49] within the framework of QCD sum rules. From Eq. (14) we obtain f a 0 (980) ± = 1.0 MeV, f a 0 (1450) ± = 5.3 MeV, and f K * 0 (1430) = 35.9 MeV. In short, the vector decay constants of scalar mesons are either zero or small.
Form factors for D → P, S transitions are defined by [50] 
where
As shown in Ref. [51] , a factor of (−i) is needed in the D → S transition in order for the D → S form factors to be positive. This can also be checked from heavy quark symmetry consideration [51] . Throughout this paper, we use the 3-parameter parametrization
for D → M transitions. The parameters F (0), a and b for D → S transitions calculated in the covariant light-front (CLF) quark model are exhibited in Table IV . [51] . The numbers in parentheses are the form factors at q 2 = 0 obtained using the ISGW2 model [52] . 
B. Axial-vector mesons
In the quark model, two nonets of J P = 1 + axial-vector mesons are expected as the orbital excitation of thesystem. In terms of the spectroscopic notation 2S+1 L J , there are two types of P -wave axial-vector mesons, namely, 3 P 1 and 1 P 1 . These two nonets have distinctive C quantum numbers for the corresponding neutral mesons, C = + and C = −, respectively. Experimentally, the J P C = 1 ++ nonet consists of a 1 (1260), f 1 (1285), f 1 (1420) and K 1A , while the 1 +− nonet contains b 1 (1235), h 1 (1170), h 1 (1380) and K 1B . The physical mass eigenstates K 1 (1270) and K 1 (1400) are mixtures of the K 1A and K 1B states (we follow PDG [29] to denote the 3 P 1 and 1 P 1 states of K 1 by K 1A and K 1B , respectively),
Since these states are not charge conjugation eigenstates, consequently, mixing is not prohibited. Indeed, the mixing is governed by the mass difference between the strange and non-strange light quarks. There exist several estimations on the mixing angle θ K 1 in the literature. From the early experimental information on masses and the partial rates of K 1 (1270) and K 1 (1400), Suzuki found two possible solutions, each with a two-fold ambiguity, |θ
• was obtained in Ref. [54] based solely on two parameters: the mass difference between the a 1 and b 1 mesons and the ratio of the constituent quark masses. An analysis of τ → K 1 (1270)ν τ and K 1 (1400)ν τ decays also yielded the mixing angle to be ≈ 37 • or 58 • with a two-fold ambiguity [55] . Most of these estimations were obtained by assuming a vanishing f K 1B .
With the help of analytical expressions of f K 1A,1B obtained in the CLF quark model [51] , two solutions for the K 1 (1270)-K 1 (1400) mixing angle, 50.8 • and −44.8 • , have been found in Ref. [56] . However, the second solution has been ruled out by the measurements of B → K 1 (1270)γ and B → K 1 (1400)γ [56] . Therefore, we shall use θ K 1 = 50.8 • in the ensuing discussions. For the decay constants and the form factors of the axial vector mesons, we shall follow Ref.
[51] to define them as 5
The relative signs of the decay constants, form factors and mixing angles of the axial-vector mesons were often very confusing in the literature. As stressed in Ref. [57] , the sign of the mixing angle θ K1 is intimately related to the relative sign of the K 1A and K 1B states. In the CLF quark model [51] and in pQCD [58] , the decay constants of K 1A and K 1B are of opposite signs, while the D(B) → K 1A and [51] . The numbers in parentheses are the form factors at q 2 = 0 obtained using the ISGW2 model [52] . As noticed in the footnote of this subsection, the form factors for D → 3 P 1 and D → 1 P 1 transitions are of the same (opposite) signs in the CLF (ISGW) model. 
Because of the charge conjunction invariance, the decay constant of the 1 P 1 non-strange neutral meson such as b 0 1 (1235) must be zero. In the isospin limit, the decay constant of the charged b 1 vanishes due to the fact that b 1 has an even G-parity and that the relevant weak axial-vector current is odd under G transformation. As for the strange axial vector mesons, it is known that the decay constant of the 1 P 1 meson vanishes in the SU(3) limit [53] .
In the following, we shall take f a 1 = 238 ± 10 MeV obtained using the QCD sum rule method [61] , similar to the ρ meson, f ρ ≈ 216 MeV. This means that the a 1 (1260) meson can be regarded as the scalar partner of the ρ meson, as it should be. In the CLF quark model [51] , if we increase the constituent d quark mass by an amount of 5 ± 2 MeV relative to the u quark mass, we find f b 1 = 0.6 ± 0.2 MeV for the charged b 1 which is very small. Using the experimental results [29] , we obtain
In the CLF quark model the signs of the decay constants f K 1A and f K 1B are fixed:
MeV and f K 1B = 12 MeV [56] . This together with the mixing angle θ K1 = 50.8 • also fixes the signs of f K 1 to be
where we just consider the central values. Finally, the D → A form factor parameters in the CLF quark model are given in Table V .
D(B) → K 1B form factors are of the same sign. The mixing angle θ K1 is positive. It is the other way around in the approaches of QCD sum rules [59] and the ISGW model [52, 60] : the decay constants of K 1A and K 1B have the same sign, while the D(B) → K 1A and D(B) → K 1B form factors are opposite in sign. These two conventions are related via a redefinition of the
C. Tensor mesons
The observed J P = 2 + tensor mesons f 2 (1270), f ′ 2 (1525), a 2 (1320) and K * 2 (1430) form an SU(3) 1 3 P 2 nonet. Thecontent for isodoublet and isovector tensor resonances are obvious. Just as the η-η ′ mixing in the pseudoscalar case, the isoscalar tensor states f 2 (1270) and f ′ 2 (1525) also have a mixing, and their wave functions are defined by
with f q 2 ≡ qq. Since ππ is the dominant decay mode of f 2 (1270) whereas f ′ 2 (1525) decays predominantly into KK (see Ref. [29] ), it is obvious that this mixing angle should be small. More precisely, it is found that θ f 2 = 7.8 • [62] and (9 ± 1) • [29] . Therefore, f 2 (1270) is primarily an (uū + dd)/ √ 2 state, while f ′ 2 (1525) is dominantly ss. The polarization tensor ε µν of a 3 P 2 tensor meson with J P C = 2 ++ satisfies the relations
where p µ is the momentum of the tensor meson. Therefore,
and hence the decay constant of the tensor meson vanishes identically; that is, the tensor meson cannot be produced from the V − A current. The general expression for the D → T transition has the form [60] T
The form factors h, k, b + and b − have been calculated in the ISGW quark model [60] and its improved version, the ISGW2 model [52] . They are also computed in the CLF quark model [51] and listed in Table VI . The decay amplitude of D → T P always has the generic expression
The decay rate is given by
where p c is the magnitude of the 3-momentum of either final-state meson in the rest frame of the charmed meson.
IV. DIAGRAMMATIC APPROACH
It has been established sometime ago that a least model-dependent analysis of heavy meson decays can be carried out in the so-called topological diagram approach. In this diagrammatic [51] . The form factor k is dimensionless, while k, b + and b − are in units of GeV −2 . The numbers in parentheses are the form factors at q 2 = 0 obtained using the ISGW2 model [52] . scenario, all two-body nonleptonic weak decays of heavy mesons can be expressed in terms of six distinct quark diagrams [63] [64] [65] : T , the color-allowed external W -emission tree diagram; C, the color-suppressed internal W -emission diagram; E, the W -exchange diagram; A, the W -annihilation diagram; P , the horizontal W -loop diagram; and V , the vertical W -loop diagram. (The one-gluon exchange approximation of the P graph is the so-called "penguin diagram".) It should be stressed that these diagrams are classified according to the topologies of weak interactions with all strong interaction effects encoded, and hence they are not Feynman graphs. All quark graphs used in this approach are topological and meant to have all the strong interactions included, i.e., gluon lines are included implicitly in all possible ways. Therefore, analyses of topological graphs can provide information on FSIs. Various topological amplitudes in two-body hadronic D decays have been extracted from the data in [2, 6, [66] [67] [68] [69] [70] [71] [72] after making some reasonable approximations, e.g., flavor SU(3) symmetry.
The topological amplitudes for D → SP, AP, T P decays have been discussed in [13, 22, 27] . There are several new features. First, one generally has two sets of distinct external W -emission and internal W -emission diagrams, depending on whether the emitted particle is an even-party meson or an odd-parity one. Let us denote the primed amplitudes T ′ and C ′ for the case when the emitted meson is an even-parity one. Second, because of the smallness of the decay constants of even-parity mesons except for the 3 P 1 axial-vector state, it is expected that |T ′ | ≪ |T | and |C ′ | ≪ |C|. This feature can be tested experimentally. Third, since K * 0 and the light scalars σ, κ, f 0 , a 0 fall into two different SU(3) flavor nonets, in principle one cannot apply SU(3) symmetry to relate the topological amplitudes in Table I after average. For simplicity, we do not consider the f 0 − σ mixing in the 4-quark model.
a Data from E791 [31] ; see also Eq. (5).
A. D → SP
The topological amplitudes for D → SP decays are listed in Table VII for two different schemes. In Scheme I, light scalar mesons σ, κ, a 0 (980) and f 0 (980) are described by the ground-statestates, while K * 0 as excitedstates. In Scheme II, light scalars are tetraquark states, while K * 0 are ground-state qq. The expressions of topological amplitudes are the same in both Schemes I and II except for the channels involving f 0 or σ.
Since the decay constant of f 0 and σ vanishes, one can set T ′ = C ′ = 0. From Table VII we have
It appears that the data of D + → f 0 π + , σπ + favor the 2-quark picture of the light scalars, while the measurements of D 0 → f 0 π 0 , σπ 0 prefer the 4-quark scenario. Moreover, the D 0 → a Table VII is divided into two parts separated by double lines. The upper part involves only light scalar mesons (f 0 , a 0 , σ, and κ), whereas the lower part involves the K * 0 mesons in the heavier nonet representation. This division is made because the amplitudes of the same topology in these two groups have no a priori relations. We first note that none of the currently measured modes involve the T ′ amplitude. Secondly, one can simplify the upper part of the table by setting C ′ = 0, for the decay constants of scalar mesons are expected to be either identically zero or relatively small. Moreover, the modes in the lower part of Table VII have the same amplitude decomposition in the two schemes and involve the T , C ′ , E ′ , and A amplitudes. One cannot set C ′ = 0 here because the decay constant of K * 0 is non-negligible, as commented after Eq. (14) . In this case, there are more theory parameters than observables, barring a fit.
In the following, we will perform two sets of fit [(A) and (B)] to the modes involving only the lighter scalar mesons in the flavor diagram formalism. Fits (A) includes the five measured D + and D + s decays. As noted in Eq. (27) , the f 0 π + and σπ + modes are related because of the same flavor amplitude combination. Here we have to assume a relation between A and A ′ in order to reduce the number of parameters. Without further theoretical guidance, we have tried the cases A ′ = A and A ′ = −A for simplicity and found that the latter renders an equally good or better fit than the former. The strong phase δ A in Table VIII is measured with respect to T , which is assumed real. We also note here that all the strong phases given in the table are subject to a two-fold ambiguity (δ → −δ). From the χ 2 min values, one sees that Scheme I fits better than Scheme II in these modes. This is understandable because the 2-quark picture explains better the observed rates of the f 0 π + and σπ + decays. In either scheme, |A| is about 1.5 times larger than |T |, showing the importance of the W -annihilation contribution. Besides, the extracted relative strong phase is robust. 
Decay
Amplitude Theory Experiment
Fit (B) includes the four measured D 0 decays. Here it does not matter what relation we assume between E and E ′ , as far as the χ 2 min value is concerned. The only effect is on the size and phase of the E amplitude. This is because the f 0 π 0 and σπ 0 modes are related by the same flavor amplitude combination, as also noted in Eq. (27) . We assume E ′ = E for an explicit fit. In Table VIII , the strong phase δ E is measured with respect to C, which is assumed real. The χ 2 min values show that Scheme II explains this set of data better, as noted below Eq. (27) . It is worth noting that the magnitudes and relative phase extracted in either scheme are roughly the same. Also, the amplitudes C and E are almost opposite in phase, as required primarily by the D 0 → a 0 0 K 0 decay.
Finally, based on the χ 2 min values of these fits, the current data still cannot differentiate the two schemes yet.
B. D → AP
The topological amplitudes for D → AP decays are given in Table IX . Instead of using subscripts of A and P to complicate the notation, we use the primed (unprimed) amplitudes to indicate that the spectator quark in the D meson ends up in the pseudoscalar (axial-vector) meson in the final state. The subscripts A and B refer to the amplitudes associated with the 3 P 1 and 1 P 1 axial-vector mesons, respectively. However, as we will see later in Section V B, the factorization approach predicts that such a distinction is only necessary for the T amplitudes. The assump-TABLE X: Topological amplitudes and branching fractions of D → T P decays. The notation is explained in the main text. Theory predictions are made within the factorization approach, with the mixing angle θ f 2 = 7.8 • .
Decay
Amplitude Theory Experiment Current data for D → AP decays (only six branching fractions) are still insufficient for a sensible fit. The theory predictions in Table IX are based on the factorization calculations given in Section V B.
C. D → T P
The topological amplitudes for D → T P decays are given in Table X . Here we also use the unprimed (primed) symbols to indicate that the spectator quark of the D meson ends up in the even-parity (tensor) and odd-parity (pseudoscalar) mesons in the final state, respectively. There should be no confusion even though the amplitude symbols used here are identical to those in the D → SP case.
As described before, the decay constants of the tensor mesons vanish identically. Therefore, one can set T ′ = C ′ = 0 in Table X. The decay D + → K 2 * 0 K + is kinematically forbidden as the K * 2 mass is above the kinematic threshold, though it is physically allowed through the width of K * 2 . We therefore will not include it in our fit. Note that the measured D + and D + s decays only involve the T , A, and A ′ amplitudes. The results of fits to these decay modes are given in Table XI. Since TABLE XI : Extracted flavor amplitude parameters from fits to the D → T P decays. The amplitude magnitudes are in units of 10 −6 GeV −1 , the same as M in Eq. (26) . In these fits, we set C ′ = 0 and θ f 2 = 7.8 • . The strong phases δ A,A ′ are associated with the A and A ′ amplitudes, respectively, relative to T . The contents of different fits are described in the main text. 
there are only three measured modes in the D 0 decays whereas at least four additional parameters have to be introduced even if we set E ′ = E, it is impossible to determine the magnitudes and strong phases of C and E by considering a global fit to the T P decays. For that, a determination of B(D 0 → a Table XI . This is a manifestation of the disparity between the Cabibbo-favored D + s → f 2 π + decay and the singly Cabibbo-suppressed D + → f 2 π + decay that are seen to have similar branching ratios, if |T | is constrained not to play a role here.
In view of the possibly problematic D + → K * 0 2 π + and K 2 * 0 π + modes, we exclude them in Fit (B) and set A ′ = A for simplicity; there are then 3 observables for 3 parameters. We note that it is not illuminating to consider A ′ = −A here because two of these modes involve the combination A + A ′ as the major contribution. In Fit (B), |T | becomes larger and A much suppressed. Also, the relative strong phase between A and T is almost opposite to that in Fit (A). The third column in Table X lists theory predictions based on factorization assumption to be discussed in Section V C. A comparison between the predictions and the measured values shows an apparent deficit in theory account of the decay amplitudes. First, the magnitude of the tree contribution in the factorizationa approach is even smaller than the value of |T | in Table XI . Secondly, it is necessary to invoke the annihilation type of amplitudes to explain the observed data.
V. FACTORIZATION APPROACH
The diagrammatic approach has been applied quite successfully to hadronic decays of charmed mesons into P P and V P final states [2, 6, [67] [68] [69] [70] [71] [72] . When generalized to the decay modes involving an even-parity light meson in the final state, it appears that the current data are still insufficient for us to fully extract the information of all amplitudes. Moreover, as shown in Tables VIII and XI, the extracted parameters do not present a coherent picture yet. Therefore, we take the naive factorization formalism as a complementary approach to estimate the rates of these decay modes. In this framework, the W -exchange and -annihilation type of cotributions will be neglected. We discuss the three categories of decays in the following subsections separately.
A. D → SP
The factorizable amplitudes for the D → SP decays involve
with the expressions
where use of Eqs. (12) and (15) has been made. The decay amplitudes of D → K * 0 P thus read
and likewise for the other D → SP decays. Using the decay constants and form factors given in Section III A, the predicted rates of (D, D s ) → (f 0 , K * 0 )P are computed and listed in Table XII , where we have used a 1 = 1.22, a 2 = −0.66 and taken the form factors for D to π and K transitions from the recent CLEO-c measurements of semileptonic D meson decays to π and K mesons [73] . In order to test the factorization approach, we should focus on the modes in which weak annihilations (W -exchange or W -annihilation) are absent or suppressed. The Cabibbo-allowed decays D + → K * 0 0 π + and D + s → f 0 π + satisfy this criterion: the weak annihilation amplitude is absent in the former and suppressed by the f 0 − σ mixing in the latter. We see from Table XII that factorization works well for these two modes. For Cabibbo-allowed D + → P P or V P decays, it is known that the color-allowed T and color-suppressed C amplitudes interfere destructively due to the opposite sign of the parameters a 1 and a 2 . However, it is the other way around for Cabibbo-allowed D + → SP and AP decays. From Eq. 
suppressed by the smallness of f K * 0 (1430) and a 2 , it is enhanced sizably by the mass squared term (m 2 D − m 2 π ) and the form factor F Dπ Table XII we see that the predicted rates for the other D → K * 0 P (P = π, K) decays are smaller than experiments by a factor of 2 ∼ 8. Note that they always receive weak annihilation contributions (E or A). Under the factorization hypothesis, the factorizable W -exchange and W -annihilation amplitudes are suppressed due to the smallness of the form factor at large q 2 = m 2 D . This corresponds to the so-called helicity suppression. However, sizable long-distance weak annihilation can be induced via FSIs. For charm decays, it is expected that the long-distance weak annihilation is dominated by resonant FSIs. That is, the FSI viaresonances is usually the most important one due to the fact that an abundant spectrum of resonances is known to exist at energies close to the masses of the charmed mesons. The diagrammatic-approach analysis in the last section suggests that weak annihilation diagrams are comparable to or even larger than the color-allowed tree amplitude T . Therefore, it is conceivable that the inclusion of E ′ and A amplitudes can account for B(D → K * 0 P ). For D(D + s ) → f 0 π and f 0 K decays, the calculated branching fractions are typically too small by about one order of magnitude. To enhance the rates in this case, the weak annihilation contributions have to be larger than the color-allowed tree amplitude, as shown in Table VIII . Such an amplitude hierarchy poises a difficulty in theoretical understanding. While the non-strange content of f 0 (980) is small in the two-quark model for light scalars, it is not so in the tetraquark picture. This suggests that one should treat the light scalar mesons as bound states of. Unfortunately, the naive quark model is not applicable to evaluating the form factors for the transition of D to a 4-quark state.
B. D → AP
The factorizable amplitudes for the D → AP decays involve
It is then straightforward to write down the factorizable amplitudes of D → K 1 (1270)π and D → K 1 (1400)π decays (dropping the overall ε * · p D terms for simplicity):
where we have taken into account the K 1A − K 1B mixing given by Eq. (17) and neglected the short-distance factorizable W -exchange contributions. Likewise, the D → Ka 1 (1260) and D → Kb 1 (1235) decay amplitudes read
Using the decay constants and form factors presented in Section III B, the predicted rates of D →K 1 π,Ka 1 ,Kb 1 decays are listed in Table IX . To test the validity of the factorization hypothesis, we focus on the D + decay to K 1 π + and K 0 a 1 (1260) which are free of contamination from weak annihilations. We see that the predictions are in agreement with experiment for these D + decays and hence factorization works for D → AP , just as the case of D → SP . The predicted rates for D 0 decays are slightly smaller, which implies the importance of the W -exchange contribution to D 0 decay modes. The theoretical calculations presented in Table IX , all in sharp disagreement with the data. Historically, it was first pointed out in Ref. [55] that a negative mixing angle θ K 1 is ruled out by the data of
It was realized later that the negative θ K 1 solution is also ruled out by the experimental measurements of B → K 1 (1270)γ and B → K 1 (1400)γ [74] .
It is of interest to notice that the
Since the width of K 1 (1400) is 174 ± 13 MeV, the
C. D → T P
Since the decay constant of tensor meson vanishes, the factorizable amplitude of D → T P always involves the expression
where use has been made of Eq. (24) . The decay rate is given by Eq. (26) . In general, T P final states are suppressed relative to P P states due to less available phase space. More precisely,
where we have changed the notation slightly so that p T denotes the c. m. momentum of the tensor meson and p P is the c. m. momentum of the pseudoscalar meson P 1 or P 2 in the charmed meson rest frame. The kinematic factor
An inspection of Table X indicates that, in the absence of weak annihilation contributions, the Cabibbo-allowed decays D + → K * 0 2 π + and D 0 → K * − 2 π + should have the largest decay rates as 6 The calculation of [55] was performed in the ISGW2 model [52] which has the opposite sign convention to the CLF model.
they proceed through the color-allowed tree diagram T . It is easily seen that all other W -emission amplitudes in D → a 2 K, D → f 2 π and D → f 2 K are suppressed for various reasons. For example, it is suppressed by the vanishing decay constant of the tensor meson, by the small f 2 − f ′ 2 mixing angle, by the parameter a 2 , or by the Cabibbo angle.
From Table X we see that the predicted branching ratio of D + → K * 0 2 π + is of order 10 −5 , which is about two orders of magnitude smaller than experiment. Indeed, the theoretical calculation gives |T | = 3 × 10 −7 in the unit of GeV −1 , which is much smaller than the value of |T | listed in Table XI Table X are too small by at least two orders of magnitude, as originally noticed in Ref. [27] . In order to resolve the enormous discrepancy between theory and experiment for T P modes, one may consider possible form factor enhancement and finite width effects. One may compare the D → T transition form factors calculated in different models: the relativistic light-front quark model (see Table V ) and the ISGW and ISGW2 quark models (see Table II of Ref. [27] ). Since the form factors obtained from different models are of the same order, it is very unlikely that they can be enhanced by one order of magnitude to ameliorate the discrepancy. The finite width effect of the tensor resonances will be discussed in the next section.
VI. FINITE WIDTH EFFECTS
Normally we apply the narrow width approximation to extract the two-body branching fraction B(D → M P ) from 3-body decay data with M standing for an even-parity meson. There are three cases where the narrow width approximation is not valid or justified and the finite width of the resonance has to be taken into account: (i) The decay D → M P is not kinematically allowed. (ii) The resonance width is not negligible. For example, the widths of σ and κ are very broad, of order 600 − 1000 and 550 ± 34 MeV, respectively [29] . (iii) The strong decay of resonance is marginally allowed or even forbidden kinematically. For instance, the central values of the f 0 (980) and a 0 (980) masses are below the threshold for decaying into a charged kaon pair.
In general, the rate of the three-body decay D → P 1 P 2 P is given by Ref. [75] 7
7 The case for D → AP → V P 1 P → P 1 P 2 P 3 P is more complicated and has been discussed in Ref. [22] .
The formula for Γ(D → T P → P 1 P 2 P ) given in Ref. [27] was erroneous and it is corrected here.
via a scalar resonance, and
via a tensor resonance, where λ is the usual triangular function λ(a, b, c) =
, and g M P 1 P 2 is the strong coupling to be defined below. The "running" or "comoving" width Γ 12 (q 2 ) is a function of the invariant mass m 12 = q 2 of the P 1 P 2 system and has the expression [76] 
Note that the propagator of the resonance has been assumed to be of the Breit-Wigner form. From the measured widths of the resonances, one can determine their strong couplings
When the resonance width Γ M is narrow, the expression of the resonant decay rate can be simplified by applying the so-called narrow width approximation
It is easily seen that this leads to the factorization relation Eq. (1) for the resonant three-body decay.
In the following, we illustrate the finite width effects with a few examples. 
and compare the resonant three-body rate with experiment. Using Eq. (37) and assuming that the coupling g SP 1 P 2 is insensitive to the variation in q 2 when the resonance is off its mass shell, we obtain
This is one order of magnitude smaller than the experimental value, (1.83 ± 0.35) × 10 −3 (see Table I ). Since
the inclusion of W -annihilation A will improve the discrepancy between theory and experiment.
Since the width of the σ resonance Γ σ = 600 − 1000 MeV is of the same order of magnitude as its mass, it is important to see its effect on the extraction of the branching fraction B(D + → σπ + ). To see this, we shall first define a quantity
As η goes to 1 in the narrow width approximation, the deviation of η from unity gives a measure of violation in the factorization relation (1). We first compute η theoretically; that is, both Γ(D → M P → P 1 P 2 P ) and Γ(M → P 1 P 2 ) are computed in a model. The ratio η is independent of the form factor for D → M transition. The factorization relation Eq. (1) is then replaced by
From the experimental input of B(D → M P → P 1 P 2 P ), we can then determine Γ(D → M P ). For D + → σπ + → π + π + π − decays, we find η = 0.55 for Γ σ = 600 MeV and η = 0.41 for Γ σ = 1000 MeV, where we have taken B(σ → π + π − ) = Table I should be enhanced by a factor of 1/η = 1.8 ∼ 2.4, depending on the σ width.
D → T P
We have examined the finite-width effect on the D → T P channels listed in Table X . The measured decay widths of various tensor mesons are of order 100 MeV [29] .
The singly Cabibbo-suppressed decay D + → K * 0 
This is about 3 to 4 orders of magnitude below the experimental result (1.7 [29] . However, this measurement seems to be problematic as the branching fraction of the Cabibbofavored mode D + → K * 0 2 π + → K − π + π + is of the same order of magnitude, (2.1 ± 0.4) × 10 −4 . For the other D → T P decays, we compute the ratio η defined in Eq. (44) and find that η ∼ 1.0 − 1.2 for most cases except for D 0 → f 2 K 0 where η = 4.0. This means that the branching Table III should be reduced by a factor of 4 when the effect of finite width is taken into account 8 .
VII. DISCUSSIONS A. The covariant light-front model
We have relied heavily on the CLF model to obtain the form factors needed in this work. This relativistic quark model preserves the Lorentz covariance in the light-front framework and has been applied successfully to describe various properties of pseudoscalar and vector mesons [77] . The analysis of the CLF model has been generalized to even-parity, P -wave mesons in [51] . Since relativistic effects can manifest in heavy-to-light transitions at large to maximum recoil where the final-state meson becomes highly relativistic, the use of the non-relativistic quark model is probably not suitable here. Therefore, we believe that the CLF approach can provide more accurate behaviors of B → M transitions at large recoil. For example, the tensor form factors for B → K 1 transitions at q 2 = 0 derived in the CLF model lead to a prediction for B(B → K 1 (1270)γ) in much better agreement with experiment than any other models (see Table IV of [56] ).
B. Theoretical uncertainties
Thus far we have not given the error bars to the theoretical results of decay rates. Here we discuss the possible sources of uncertainties in this study. In the CLF model we use the decay constants together with the given constituent quark masses to determine a fundamental parameter β in the model for describing the meson wave functions [51] . For the decay constants of scalar mesons we use those obtained in [49] where QCD sum rules are employed and errors are given explicitly. For axial-vector mesons, the sum rule approach gives f a 1 = 238 ± 10 MeV [61] while the experimental data of τ → K 1 ν yield f K 1 (1270) = −(170±20) MeV and f K 1 (1400) = −(139±43) MeV [cf. Eqs. (19) and (20)]. The error bars will be propagated from decay constants to the parameter β, and then finally to the form factors of interest. Therefore, the uncertainty analysis in the CLF model is quite involved and highly nontrivial. We will leave this task to a future publication.
C. Comparison with other works
In this work we have performed the study of the nonleptonic decays of charmed mesons in two approaches: flavor-diagram analysis and naive factorization. In the latter approach, form factors are obtained from the CLF quark model and the weak annihilation diagrams are neglected at the outset. In the literature most of the relevant studies are also based on the factorization approach, differing mainly in the values of the form factors to be used and the treatment of weak annihilation. In Tables IV-VI we have displayed in parentheses the form factors evaluated in the ISGW2 model [52] , an improved version of the non-relativitsic quark model by Isgur, Scora, Grinstein, and Wise (ISGW) [60] . We see that the ISGW2 model predicts much smaller D → S form factors than the CLF model and other models not listed in Table IV . In contrast, the form factors V
calculated by the ISGW2 model are much larger than the CLF results.
As stressed before, the factorization hypothesis is best tested in the decays in which weak annihilation contributions are absent or suppressed. For the SP modes, the Cabibbo-allowed decays D + → K * 0 0 π + and D + s → f 0 π + belong to this category. It turns out that the former mode is ideal for testing different form factor models. The contribution to D + → K * 0 0 π + from the colorsuppressed tree amplitude C was not considered in [10, 11] , presumably due to the smallness of the K * 0 decay constant. Both contributions of color-allowed and color-suppressed amplitudes were taken into account in [9] . However, owing to the destructive interference in D + → K * 0 0 π + and the smallness of a 2 , the predictions of Γ(D + → K * 0 [9] are not borne out by experiment. In the CLF model, the relative sign of the factorizable amplitudes X (DS,P ) and X (DP,S) are fixed to be negative [see Eq. (29)]. As a consequence, we conclude that, based on the CLF quark model, the interference in the Cabibbo-allowed D + → SP decays must be constructive, contrary to the case of D → P P, V P . Recently, the decays D → K 1 π have been considered in [23, 24] with D → K 1 from factors evaluated in the framework of the ISGW model and QCD sum rules, resepctively. While the predicted rates are similar to ours in most cases, the branching fraction of D + → K 0 1 (1270)π + was found to be (5.85 ± 0.37)% for θ K 1 = −37 • and (3.18 ± 0.25)% for θ K 1 = −58 • in [24] . All of them are too large compared to the experimental limit 7 × 10 −3 [29] . In our study we did include the color-suppressed tree amplitude [see Eq. (33)], which was considered in [23] but neglected in [24] . Since the decay constant of K 1 (1270) is negative [Eq. (20) (Table IX) is consistent with experiment. 9 The above few examples indicate that the CLF model takes care of the relative signs of decay constants, magnitudes of form factors, and various hadronic matrix elements correctly.
D. Comparison with B decays
Charmful decays B → D * * P with D * * = D * 0 , D 1 , D ′ 1 , D * 2 denoting even-parity charmed mesons and charmless decays B → M P (M being light even-parity mesons) have been extensively studied both experimentally [29] and theoretically [49, [78] [79] [80] . It is instructive to compare the present work with the B decays.
While factorization works well for Cabibbo-allowed D + → SP, AP decays, predictions are typically about one order of magnitude smaller than experiment for the other decay modes, conceivably due to the negligence of weak annihilation contributions arising from final-state interactions. It is pointed out in [49] that one needs a sizable penguin weak annihilation amplitude in order to account for the data of B → K * 0 π in the theoretical approach such as QCD factorization. Taking the cue from the constructive interference in the Cabibbo-allowed decay D + → K * 0 0 π + and noting that the phase of a 2 /a 1 in B → Dπ decays lies in the first quadrant, one may be tempted to claim that the B − → D * 0 0 π + decay should have a rate smaller than the B 0 → D * − 0 π + decay owing to a destructive interference in the former. This conjecture is supported in both the CLF model and heavy quark symmetry [78] . The experimental observation that the production of broad D * * states in charged B decays is more than a factor of five larger than that produced in neutral B decays (see Tables V and VI in [78] ) is thus astonishing. This enigma as pointed out several years ago in [78] still remains unresolved.
9 B(D + → K 0 1 (1270)π + ) is predicted to be 3.8 × 10 −3 , 1.52% and 3.21% in [23] for θ K1 = 33
• , 45
• and 57
• , respectively. However, as noticed in Sec. III.B, the mixing angle θ K1 has to be negative in the convention of QCD sum rules or the ISGW model. Therefore, the mixing angle chosen by [23] does not have a correct sign. Also the relative sign between T and C amplitudes given there is erroneous.
VIII. CONCLUSIONS
In this paper, we have studied the charmed meson decays into final states containing one pseudoscalar meson and one even-parity meson, the data of which are inferred from detailed Dalitz analyses of three-body decays and the finite width effects. The non-perturbative flavor diagram approach and the factorization calculation are undertaken to analyze these decay processes. In the diagrammatic framework, we have extracted the sizes and relative strong phases of various flavor diagrams in a least model-dependent way, based on current experimental measurements of decay rates. In the factorization approach, we have neglected weak annihilation diagrams (E and A) while making our predictions. Besides, we use the form factors evaluated in the covariant light-front model to compute the D decay branching fractions.
In the D → SP decays with S being in the non-strange nonet, our fits present several robust features against the 2-and 4-quark pictures. First, as in the P P and V P decays, the weak annihilation diagrams are non-negligible. However, it is a theoretically challenging puzzle that the A amplitude here is the largest one. Secondly, the relative strong phases δ A and δ E are preferably around 30 • and 160 • , respectively. Finally, the data do not prefer either the 2-quark scheme or the 4-quark scheme. This conclusion can be best seen from a comparison between the D 0,+ → f 0 π and σπ decays, and also revealed in the χ 2 min values in Table VIII . We note that due to a paucity of measured modes, the diagrammatic approach is ineffective for the D → K * 0 P decays or the D → AP decays. Theoretical calculations based on factorization have been applied to both D → SP and AP transitions. The factorization hypothesis seems to work pretty well for those Cabibbo-favored modes that involve only the color-allowed tree (T ) and color-suppressed tree (C) amplitudes. The factorization calculations for the other decay modes are typically about one order of magnitude smaller than experiment, conceivably due to the negligence of weak annihilation contributions.
Contrary to the Cabibbo-allowed D + → P P, V P decays where T and C amplitudes interfere destructively, the color-allowed and color-suppressed tree amplitudes in the Cabibbo-allowed decays D + → K * 0 π + , K 0 1 (1400)π + contribute constructively. This explains why their branching fractions are large, of O(2%).
The D → T P measurements poise the biggest problem for theory. Even though the magnitudes and phases of some amplitudes can be extracted from data, as given in Table XI, 2 π + decays, as explained in the text. Predicted branching fractions based on factorization are at least two orders of magnitude smaller than data, even when the decays are free of weak annihilation contributions. We cannot find possible sources of rate enhancement.
We also examine the finite width effects for decays that are kinematically forbidden if the width of the even-parity meson is not taken into account. We find that the branching fraction of D + → σπ + extracted from three-body decays is enhanced by a factor of 2, whereas B(D 0 → f 2 (1270)K 0 )
is reduced by a factor of 4 by finite width effects. Our study shows that some of the above-mentioned puzzles call for measurements of yet observed decay modes as well as more precise determination in the decay rates. The other puzzles, particularly in the T P modes, demand better understanding of the underlying dynamics.
